In these notes, we take a naive approach to calculate electrical current through a noninteracting quantum system with discrete energy levels. We do not assume any prior knowledge on second quantization, scattering matrix and nonequilibrium Green's functions (NEGF). Instead, we will try to build our solutions to the problem step by step from single-particle Schrodinger equation and equilibrium Green's functions. In the first section, we give the definitions of retarded Green's function, spectral function and density of states for time-independent quantum systems. In the second section, we introduce the left-center-right (LCR) system, which may be viewed as a minimum model for the study of quantum transport. In the third section, we work out the Green's function and spectral function of the central part in the LCR system. Important concepts like self-energy and level-width function will also be introduced. In the fourth section, we will derive the Landauer formula for steady state current using a scattering approach. The transmission coefficient at a given energy will be derived. In the fifth section, we will apply Landauer formula to the case in which the left and right leads are both semi-infinite tight-binding chains, coupling to the central system only at its boundaries. In this case, further simplifications can be made under wide-band limit. In the sixth section, we take the zero temperature, zero bias limit to obtain the linear conductance from Landauer formula. In the seventh section, we apply the linear conductance formula under wideband limit to two typical models of the central system: a single-level quantum dot and a double-level quantum dot. In both cases, we will calculate the spectral function and electrical conductance analytically. The results illustrate how quantum resonance and coherence can affect electrical transport in noninteracting systems. In the eighth section, we use the Landauer formula to compute linear conductance of a tight-binding chain. A simple example of metal-insulator transition is discussed using the Aubry-André-Harper model. In the ninth section, Landauer formula is applied to study edge state transport along the boundary of a two-dimensional lattice. Using the Hofstadter model as an example, we show the quantization of linear conductance in the spectral gap, which indicates the topological nontrivial properties of the system. In the last section, we will give a summary and discuss possible future extensions.
Retarded Green's function, spectral function and density of states
The retarded Green's function (or propagator) of a time-independent quantum system described by Hamiltonian H is defined as G(t, t ) = − i θ(t − t )e
where is the Planck constant, t and t are time variables. The step function θ(t − t ) is defined as
The retarded Green's function is the solution of the equation of motion:
with boundary condition i lim
The Fourier transform of G(t, t ) from time to energy domain is given by
where 0 + represents an infinitesimal positive number. The Fourier expansion of δ(t − t ) reads δ(t − t ) = 1 2π
Combining Eqs. (3), (5) and (6), we obtain the retarded Green's function in energy domain as
Note that G(E) here has the dimension of E −1 . Using G(E), we can introduce the spectral operator
where we have used the Plemelj formula
x ∓ iπδ(x), with P standing for the Cauchy principle value. The spectral function A and density of states at a given energy E are obtained from the spectral operator as:
(E) = 1 2π A(E).
Note that the trace is taken in the Hilbert space of Hamiltonian H. From now on we will work in energy domain only.
LCR system
An LCR system may be regarded as the minimum model for the study of quantum transport. It is usually adopted in the description of electrical current through a noninteracting quantum dot or molecule junction. In matrix form, the Hamiltonian of an LCR system can be expressed as 
where the wave function components Ψ L , Ψ C and Ψ R are written in a basis well-localized in each of the three regions L, C and R.
Green's function and spectral function of an LCR system
The retarded Green's function of an LCR system can also be written in matrix form as
It satisfies Eq. (7) with H given by Eq. (11):
The Green's function of the central region G CC is then determined by the following set of equations:
where we have introduced Green's functions of isolated left and right leads as
Solving these equations gives us
where the retarded self-energy functions Σ L,R of the two leads are:
The self-energy functions incorporate all effects of the lead on the central system. One may combine H CC and the self-energies to obtain an effective Hamiltonian for the "dressed" central region:
However, this Hamiltonian is non-Hermitian and its spectrum is in general not real. Therefore it does not describe a closed quantum system. The open system nature of H eff CC reflects the fact that all degrees of freedom of the lead have been integrated out in order to obtain the self-energies. For H eff CC , the real part of its spectrum reflects the energy level shift caused by coupling to the leads, and the imaginary part of its spectrum determines the lifetime of the "dressed" energy level. As can be inspected from Eq. (20), the lifetime of a "dressed" energy level is in general proportional to the inverse square of the coupling strength between the lead and the central region. To characterize the level-broadening caused by system-lead coupling, we introduce the level width function as (α = L, R):
We see that the Γ α is proportional to the density of states of lead α and the square of the coupling strength between the lead α and the central system.
Finally, the spectral function and density of states of the central region are defined following Eq. (8) to (10) as:
With all these preparations, we will derive Landauer formula for steady state transport using a scattering approach in the next section.
Landauer formula and transmission coefficient
We will take a scattering point of view to describe the charge transport in our system. In all the derivations below, we assume there is no many-body interactions. We start with the stationary Schrodinger equation of the LCR system:
Consider an incoming wave Ψ 0 L from the left the lead to the central region, which is an eigenstate of H LL . This wave may be partially transmitted into the central region, and partially reflected back to the left lead, yielding a reflection wave Ψ 1 L . Therefore for such an incoming wave, we can write the wave function in the left lead as
Plugging Eq. (27) into Eq. (26) gives us
Using the eigenvalue equation 
When a steady state is established, the probability of the state in the central region |Ψ C | 2 should not change with time. This is the case if the current approaching the central region equals the current leaving it. The definition of steady state current can then be extracted from probability conservation law as follows [6] :
We can now interpret the (local) probability current from lead α to the central region as
The conservation law is then given by
Using Eq. (36) and Eqs. (31) to (33), we can compute the contribution of the incoming wave Ψ 0 L to the current from the left lead to the central region as:
where we have used our definitions of self-energy and level width function given by Eq. (20) and Eq.
(22) in the last section. To proceed, we assume that all possible incoming states are independent and originated from the same Fermi function of the left lead f L ( kL ), where kL is the energy of incoming state Ψ 0 kL with quantum number k. Also we assume that there is no scattering among different incoming channels. Under these conditions, the total probability current from the left lead to the central region is given by
where we have inserted the completeness relation q Ψ 0 qC Ψ 0 † qC = 1 C , with q being the quantum number of the central region. Recalling Eq. (22) for the level-width function, we notice that
Combining this observation with Eq. (39) yields
where the trace is over localized basis of the central region. Finally, taking into account the contributions from both left and right leads, the total steady state probability current I = I L + I R flowing into the central region is given by:
where the transmission coefficient T (E) is defined as
Eq. (42) is the Landauer formula for steady state transport in noninteracting quantum systems. The current is determined by the transmission coefficient times the difference of electron distributions in left and right leads at a given energy E, and integrating over all possible energies of incoming state. In this picture, we can roughly say that current is transmission. Other popular approaches to the derivation of Landauer formula including the scattering matrix formalism and NEGF. Interested readers can consult
Refs. [2, 3] for further details.
In the next section, we will try to obtain a more explicit expression for T (E) by specifying the Hamiltonians of lead and coupling between leads and central region.
Our derivations up to now are formal. In the following, we will specify the Hamiltonians of lead and system-lead coupling in order to arrive at a more explicit expression for the transmission coefficient. The
Hamiltonians for the lead and their coupling to the central region may be written quite generally as (for α = L, R):
where {|m α } is a localized basis of lead α. {|µ } is a localized basis of the central region, which will be assumed to have a finite dimension N .
Since in most cases, leads are just sources of electrons, we may simply choose them to be semi-infinite tight-binding chains. Moreover, we allow each basis |µ of the central region to be coupled separately to one tight-binding chain, and require that all the tight-binding chains coupled to the central region at the same side α are equivalent. The Hamiltonians for lead may then be written as
where 
Next, we note that for each µ, the semi-infinite tight-binding chain is a tridiagonal Toeplitz matrices in our basis. Therefore we obtain the dispersion relation kαµ and eigenfunctions {|k α , µ } of the µ's tight-binding chain as [7] :
where α = L, R and µ = 0, ..., N − 1.
To evaluate the transmission coefficient T (E), we need to calculate self-energies and level width functions. Both of them require specific knowledge of the couplings between leads and central system.
Spatially, the central system is located between sites −1 and +1. So we model the couplings between lead and the central system as
where t µα is the coupling strength between the µ's basis of the central region and lead α. Note that this coupling is local in space.
We are now ready to obtain a more explicit expression for transmission coefficient T (E) given by Eq.
(43). From Eq. (22) and Eqs. (48) to (52), the level-width function of lead α is given by
In the case that the lead α has a continuous spectrum, we can transform the sum over quantum number k α to an integral:
We note that due to our choices of the center-lead coupling, Γ α is diagonal in the basis of the central region {|µ }. If the band width 2t α of the lead α is much wider then E − w α , we can take the so-called wide-band limit, in which we send E−wα 2tα → 0. In this limit, we have sin 2 arccos E−wα 2tα → 1 and the level-width function Γ α becomes independent of energy E. We will denote the level width function in wide-band limit as
In the same limit, the self-energies can also be worked out explicitly. From Eq. (20) and Eqs. (48) to (52), we get
where x = E−wα 2tα . In Fig. 1 , we plot the real part (red solid line) and imaginary part (blue dashed line)
. We observe that in the wide-band limit E−wα 2tα → 0, the imaginary part of 2t α Σ α /|t µα | 2 approaches one and its real part vanishes. Therefore, we can safely ignore the level shift of the central region caused by the real part of self-energy, retaining only the imaginary part of self-energy.
Therefore in the wide-band limit, the self-energy of lead α (= L, R) becomes:
It is also energy independent and proportional to the level width function.
To summarize, for semi-infinite tight-binding leads coupled locally to the central system, we find under wide-band limit the following expressions for level width functions, Green's functions, spectral functions and density of states:
These functions are enough for us to determine the transmission coefficient T (E) and current I in wideband limit, provided that the Hamiltonian of the central region H CC is specified. Before doing that, we will introduce a further simplification by taking the zero temperature, zero bias limit of Eq. (42). In this limit, we obtain in the following section the linear conductance of the central system as a response to perturbed electron distributions of the lead caused by a small bias voltage.
Let's consider the case in which a small bias voltage V is applied to the left lead, making its chemical potential µ L slightly differ from the chemical potential of the right lead:
where −e is the charge of electron. When V is small enough, the difference of Fermi functions of the two leads is given by
At zero temperature, only states below Fermi energy E F are filled. So the Fermi function f R (E) = θ(E F − E) and its derivative
. So at zero temperature in low bias regime, the current due to Landauer formula (42) is given by:
which is proportional to the bias voltage (thus a linear response) and the transmission coefficient T evaluated at the Fermi energy E F . The corresponding electrical conductance is then given by
which is just the transmission coefficient multiplied by the conductance quanta If the perturbation −eV makes µ L slightly higher then µ R , a quantized C 0 will count the number of available transport channels from left to right lead. On the contrary, if the perturbation makes µ L slightly lower then µ R , a quantized C 0 will be equal to the number of available transport channels from right to left lead. If all transport channels at E F are chiral and spatially separated, a quantized response C 0 under a small bias voltage will only count the number of transport channels with correct chirality locally. Therefore, in the Chern insulator's edge state transport calculation, the conductance C 0 is equal to gap chirality instead of number of edge modes on the Fermi surface.
The conductance C 0 can also be derived directly from Kubo formula of linear response theory.
Interested readers can consult Chapter 2 of Ref. [3] or Chapter 7 of Ref. [8] .
In the following section, we will calculate the spectral function and linear conductance of two explicit models in the wide-band limit. These model calculations highlight the effects of resonance and coherence on electrical transport in noninteracting quantum systems.
Steady state current in a quantum dot: resonance and coherence
In this section, we will apply the Landauer formula for linear conductance to two explicitly examples: a single-level quantum dot and a double-level quantum dot. In both examples, the spectral function and transmission coefficient of the quantum dot can be obtained analytically in the wide-band limit. These models serve as the starting point for study of coherent transport in discrete level quantum systems.
Some key concepts in the resonant transport can be easily demonstrated in the following calculations.
Single-level quantum dot: spectral function and transmission coefficient
The Hamiltonian of a single-level quantum dot is given by
where 0 is the energy of level |0 . A sketch of the model is shown in Fig. 2 . In the wide-band limit, we find from Eq. (58) the following expressions for level-width functions and Green's functions:
where we have introduced simplified notations γ 0α ≡ 
We see that both of them are of Lorentzian shape. In zero temperature, low bias regime, the density of states and linear conductance are determined by states at the Fermi energy:
The maximum of linear conductance is reached when the energy of an incoming electron matches the energy of the quantum dot 0 . In this case, we obtain the resonant transmission coefficient:
which is always equal to 1 if the dot-lead coupling is symmetric (γ 0L = γ 0R ), no matter how strong (or weak) of the coupling is.
Double-level quantum dot: spectral function and transmission coefficient
Let's now apply the Landauer formula (42) to the electrical transport through a two-level quantum dot.
The Hamiltonian of the quantum dot is given by
where 0,1 are energies of decoupled levels |0 , |1 and t c is the coupling strength between the two levels.
In the wide-band limit, we find from Eq. (58) the following expressions for level-width function and Green's function:
where we have introduced the simplified notations
for µ = 0, 1. The spectral function and transmission coefficient are then given by
To simplify these expressions, we focus on a minimum extension of single-level quantum dot, i.e., only one level of the two-level quantum dot is coupled to the lead. Our LCR system then forms a "Tjunction" as shown in Fig. 3 . In this case, we may set t 1L = t 1R = 0, which also results in γ 1 = 0.
Furthermore, we consider a symmetric dot-lead coupling by setting
With these simplifications, we obtain the following expressions for the spectral function A w C (E) and transmission coefficient T w (E) of the quantum dot:
We see that none of these functions are of Lorentzian shape. Moreover, the transmission T w (E) = 0 if E = 1 . This is an anti-resonance effect. Roughly speaking, an incoming electron has two possible paths to go through the "T-junction" quantum dot. We denote them by our localized basis as (i) | − 1, 0 → |0 → |1, 0 and (ii) | − 1, 0 → |0 → |1 → |0 → |1, 0 . Along path (i), the incident electron will reach level 0 and then directly go through the quantum dot. Along path (ii), it will first hop from level 0 to 1 through the coupling t c , and then hop back to the level 0 . If the energy E of the incoming electron matches 1 , waves separately following the two paths in the quantum dot will have a π phase difference when they meet with each other at the level 0 , resulting in a destructive interference.
Therefore, under the condition E = 1 , we have a coherence-induced destruction of tunneling in this simple example. In Fig. 4 , the spectral and transmission functions for three different values of the coupling strength t c between two levels of the quantum dot are shown. In all cases, we observe clear collapses of the transmission coefficient at E = 1 .
In low bias regime at zero temperature, the density of states and linear conductance of this model are also determined by states at the Fermi energy:
With respect to E F , both of them have two peaks in quite different shapes, originating from nontrivial effects of quantum coherence in the system.
Current across a tight-binding chain: metal-insulator transitions
The formulas we summarized in the collection of Eq. (58) are also appropriate for the study of linear transport in a tight-binding chain. In this case, we make the following choices for level-width function (in wide-band limit):
that is, the left (right) lead is only coupled to the first (last) site of the central system. The Hamiltonian H CC describing the system of our interest will be chosen to have the following form:
which represents a typical tight-binding chain with onsite potential { µ |µ = 0, ..., N − 1} and nearest neighbor hopping t C (Other situations may include long-range, complex and site-dependent hopping amplitudes. But it should be straightforward to generalize the treatment here to those more complicated cases). The configuration of this LRC system is illustrated in Fig. 5 . The retarded Green's function, spectral function and transmission coefficient of the tight-binding chain are the computed by the following formulas:
where
for α = L, R. The last equality is obtained from Eq. (43). As a useful observation, the transmission property of H CC at a given energy E is simply determined by a single corner matrix element N − 1|G w CC (E)|0 of the retarded Green's function. To give an explicit demonstration, we consider the onsite potential of H CC to have the following expression:
Here k y ∈ [0, 2π) is a phase shift of the onsite potential, which will be given a concrete physical meaning in our next example. With this choice, the Hamiltonian of our central system is explicitly given by:
It is usually called Aubry-André-Harper (AAH) model, which has been thoroughly explored in the study of metal-insulator transitions. Its two-dimensional parent model, often called the Hofstadter model, is also a popular prototype in the study quantum Hall effects and topological insulators.
As discussed in previous sections, at zero temperature, the linear transport properties of H AAH is determined by its spectral function A w C (E) and transmission coefficient T w (E) evaluated at the Fermi energy E F , giving us:
In Fig. 6 , we show the numerical results of these two functions with respect to E F and k y for two typical cases. There are third points to mention. First, in the plots for spectral function A w C (E F ), the states traversing the gaps are chiral edge modes. These modes are localized at the edges of the AAH chain and therefore cannot contribute to the transport, as reflected in the lower panels for the transmission coefficient T w (E F ). Second, there is a metal-insulator phase transition at = 2t C for an irrational α.
When < 2t C ( > 2t C ), the bulk states (bright regions) separated by gaps in A w C (E F ) are conducting (insulating) with non-vanishing (vanishing) transmission coefficients T w (E F ). Third, resolutions of edge mode in spectral function are better for weaker couplings. Since the couplings are introduced at the boundary of the AAH chain, it is expected that a strong system-lead coupling will make the edge states less observable. On the contrary, to get better transmission properties, we need to choose couplings γ L,R
closer to the energy range of the central system.
9 Current along the edge of a two-dimensional lattice: topologically quantized transport
As a final example of these notes, we will apply the Landauer formula to compute the conductance of a two-dimensional lattice. We choose the Hofstadter model (the parent of AAH model) as the central system of our interest. It describes noninteracting electrons hopping on a two-dimensional square lattice in a perpendicular magnetic field. In real space, the Hamiltonian is given by: 
where t x (t y ) is the nearest neighbor hopping amplitude along x (y) direction of the lattice. The system contains (N x + 1) × (N y + 1) lattice sites. This model can be reduced to the AAH model if we take periodic boundary conditions along y-direction, and interpreting the parameter k y in the AAH model as the quasimomentum along y-direction.
To evaluate the current, we now couple the central system described by Hamiltonain (92) to leads.
On the left hand side of H CC , each lattice site (0, y) for y = 0, 1, ..., N y − 1 is coupled to a semi-infinite tight-binding chain extends from (−∞, y) to (−1, y). On the right hand side of H CC , each lattice site (N x − 1, y) for y = 0, 1, ..., N y − 1 is also coupled to a semi-infinite tight-binding chain extends from
(N x , y) to (+∞, y). The configuration of this LRC system is illustrated in Fig. 7 . In the wide-band limit, the left and right level-width functions are given by:
where we took γ yα = 
The transmission coefficient T w (E) has a transparent interpretation as summation over scattering amplitudes from left (x = 0) to right (x = N x − 1) edges for all possible incoming and outgoing sites.
As a demonstration of these formulas, we consider the transmission coefficient of Hofstadter model at zero temperature in zero bias limit. For p/q = 1/3 and p/q = 1/5, numerical results for T w (E F ) vs.
E F are shown in Fig. 8 . In both cases, we observed quantized transmission coefficients (and therefore conductances) in the spectral gap of the system. As illustrated in the plots of spectral function. currentcarrying states in the gap are chiral edge modes localized at the boundary of the two-dimensional lattice.
The quantization of edge state conductance in a spectral gap of the Hofstadter model is topological, equaling to the summation of bulk band Chern numbers below the considered gap. This bulk-edge correspondence principle holds in general for noninteracting fermionic Chern insulators. Interested readers can consult Ref. [9] for more details.
Summary and plan for future extensions
In these notes, we give a brief introduction to matrix Green's function, focusing on its applications to steady state transport in discrete level quantum systems without many-body interactions. The Landauer formula is derived from a naive scattering viewpoint, and then applied to compute linear conductance of a single-level quantum dot, a double-level quantum dot, a tight-binding chain and a two-dimensional tightbinding lattice at zero temperature under wide-band limit. Even though a lot of approximations and simplifications have been made, the results still demonstrate the important roles of resonance, coherence, disorder and topology in quantum transport.
Further extensions of these notes may include the following topics:
• Steady state transport in periodically driven quantum systems: a combination of Green's function and Floquet formalism
• Initial states with inter-channel coherence The other system parameters are chosen as N x = N y = 44, t x = t y = 1 and γ yL = γ yR = 1. The upper panels show spectral functions calculated for the two cases with periodic boundary conditions along y-direction. Bright lines traversing the spectral gaps represent chiral edge modes. The lower panels show numerically evaluated transmission coefficients vs. Fermi energy E F (in gray dots). Dashed lines are guide to the eye to point out the quantization of transmission coefficient (and conductance) in the spectral gap.
